In this paper, we prove that the bounded set of fuzzy numbers must exist supremum and infimum and give the concrete representation of supremum and infimum. As an application, we obtain that the continuous fuzzy-valued function on a closed interval exists supremum and infimum and give the precise representation. We also show that the bounded fuzzy-valued function on a closed interval can define the lower and upper sums and the lower and upper integrals of Riemann and Riemann᎐Stieltjes by the usual way. ᮊ 1997 Academic Press
INTRODUCTION w x
In 1986, R. Goetschel and W. Voxman 1 represented fuzzy numbers by two usual functions which promoted the further development of theory and application of fuzzy numbers. For example, we can embed the fuzzy number space E 1 into a concrete Banach space by using this representa-Ž w x tion theorem see 2᎐4 .
Note that the fact that the bounded set of fuzzy numbers exists supremum and infimum is not trivial, but up to now, we could not find any paper which discussed the existence of the supremum and infimum. w x In 5, 6 , the authors suggested that the existence of the lower and upper sums of f and the lower and upper integrals of f in the usual way are in nature. In fact, their existence needs to use the fact that the bounded set w x of fuzzy numbers must exist supremum and infimum. In 5, 6 , the authors also suggested that the supremum and infimum for a sequence of fuzzy numbers preserve the approximation properties for the metric of the fuzzy number space. We pointed out that this is false by a counterexample w x in 7, 8 . In this paper, we prove that the bounded set of fuzzy numbers must exist supremum and infimum and give their concrete representations. Thus, it guarantees the existence of the lower and upper sums and the lower and upper integrals of the R-and RS-integrals of a bounded fuzzy-valued function. In addition, as an application, we obtain that the continuous fuzzy-valued function on a closed interval exists supremum and infimum and we give the precise representations.
First, we recall some definitions and results about fuzzy numbers and Ž w x. fuzzy-valued functions see 1 .
i u is normal, i.e., there exists an x g R with u x s 1;
. ii u is convex, i.e., u rx q 1 y r y G min u x , u y whenever 1 w x x, ygR and r g 0, 1 ;
For any u g E 1 , u is called a fuzzy number and E 1 a fuzzy number w x space. Obviously, the u are nonempty bounded closed intervals for
we have 
Ž . 
w x If follows that u and u are bounded functions on 0, 1 . Since Ž x In what follows, we show that u is left continuous about on 0, 1 .
is left continuous at s . Therefore, 
Ž . q is right continuous at s 0. Therefore, there exists m such that u - 
If there exists m such that s 1, we take g 0, 1 and p 1.
is decreasing, we infer that 
Ž .
s,⍀ m w x Hence for any g 0, 1 we obtain
In what follows, we prove that u is the least upper bound of
we infer that V y is right continuous at s 0 and is left
so we can obtain
Similarly, the conclusion for the infimum is also true. ¡0, 
